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1 Problem One: Diagrams
We first solve for the reaction forces at the two supports, which we call A and B respectively from left to right. The net force
in the vertical direction is equal to zero, or:

A+B = 200 + 200 + 60(8) (1)

Since the system is symmetric about the center vertical axis, we must have A = B, which gives us:

A = B = 440kN. (2)

Now, we draw the shear force diagrams:
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as well as the moment diagram:
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The moment of inertia of the I beam is:

bfd
3

12 −
(bf − bw) (d− 2tf )3

12 = 2843.8× 106mm4 (3)

and the distance from the neutral axis to both the top and the bottom is:

y = 711
2 = 355.5mm (4)

so the magnitude of the maximum compressive and tensile stress is:

σ = Mmaxy

I
= 135.0MPa. (5)

These maximum stresses will occur at the place where the moment is the greatest, which from the diagram is at the middle of
the beam. The top shortens and the bottom elongates so the top of the beam will experience compressive stresses while the
bottom will experience tensile stresses.
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2 Problem 2: Wooden Beam
We do the same thing, again abusing symmetry. The force from each support will be equal to each other, which we can call
F . Therefore:

2F = 90(7) =⇒ F = 315kN (6)

We can draw a shear force diagram:
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and a moment diagram:

x(m)

M(kN m)

1 2 3 4 5 6 7
0

-45

236
Mmax

Again, since the top and bottom are equidistant from the neutral line, the maximum tensile and compressive stresses are the
same. The moment of inertia of the wooden beam is:

I = w4

12 = 1338.5× 106mm4 (7)

such that the tensile and compressive stresses are:

σ = Mmaxy

I
= 31.38MPa. (8)

Using the ultimate compressive strength of 50MPa, I get:

FOS = 1.593 (9)

and if we wanted the factor of safety against tensile forces, then it is:

FOStensile = 70
31.38 = 2.23 (10)
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3 Problem Three: Truss Bridge
(a) Refer to the following diagram, with the symmetry axis drawn.
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The two reaction forces support the entire 400kN load, so that each of the reaction forces have a force:

R = 200kN (11)

and since there are no external horizontal loads and the rightmost support is a roller, none of the supports will exert a horizontal
force. Looking at vertical forces, and the vertical component of the force of each beam, we have:

ABy = 200kN
BCy = −200kN
CDy = −(100 +BCy)100kN
DEy = −100kN
EFy = 0kN

We can calculate their actual force by multiplying by 5
4 and we can determine their horizontal component by multiplying by 3

4to get:

AB = 250kN
BC = −250kN
CD = 125kN
DE = −125kN
EF = 0kN

and

ABx = 150kN
BCx = −150kN
CDx = 75kN
DEx = −75kN
EFx = 0kN
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We can then determine the forces in the horizontal members to be:

AC = −ABx = −150kN
CE = AC +BCx − CDx = −375kN
EG = CE +DEx − EFx = −450kN
BD = ABx −BCx = 300kN
DF = BD + CDx −DEx = 450kN

(b) Top chord members are made from HSS 203x203x6.4, which has an area and moment of inertia of:

A = 4900mm2 (12)
I = 31.3× 106mm4 (13)

The strongest compression force is EG, which has both a minimum angle and moment of inertia of:

Amin = F

σ
= 1286mm2 (14)

Imin = FL2

πI
= 8.21× 106mm4 (15)

For a factor of safety of FOS = 3.81, 3.81. For the bottom chords, HSS 152x152x4.8 were used, which has an area and
moment of inertia of:

A = 2760mm2 (16)
I = 9.93× 106mm4 (17)

The strongest force is DF , and there are no forces of compression, so the minimum area needed is:

Amin = F

σ
= 1286mm2 (18)

for a factor of safety of FOS = 2.15. Finally for the diagonal chords, they are made of HSS 127x127x8.0, so their area and
moment of inertia are:

A = 3620mm2 (19)
I = 7.05× 106mm4 (20)

The stronger compression force is BC, so the minimum area and moment of inertia needed are:

Amin = F

σ
= 714mm2 (21)

Imin = FL2

πI
= 3.17× 106mm4 (22)

so the factors of safety are FOS = 5.07, 2.22 respectively. We pick the smallest factor of safety, which happens to be
FOS = 2.22 .

(c) We use the principle of virtual work, which we can do by drawing another diagram:
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Again, we can look at the vertical components of the forces, which for all diagonal members happen to be 200kN, but alternating
from tension to compression. The magnitude of their horizontal and actual components are 150kN and 250kN, respectively.
Then for the horizontal chords

AC = −150kN (23)
CE = 450kN (24)
EG = −750kN (25)

and for the bottom chords:

BD = 300kN (26)
DF = 600kN (27)

We can draw a table:

Member P (kN) P ∗ (kN) HSS Area (mm2) Length (m) PP ∗`

EA
(J)

BD 300 300
2760

6

978.26

DF 450 600 2934.8

AC 150 150

4900

137.76

CE 375 450 1033.16

EG 450 750 3 1033.16

AB
250

250 3620 5

431.63

BC 431.63

CD
125

215.81

DE 215.81

EF 0 0
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When the last column is added up, it gives us:

2
∑ PiP

∗
i `i

EA
= 14824.04J (28)

The principle of virtual work tells us that:
F∆L =

∑ PiP
∗
i `i

EA
(29)

Since F = 400kN, we have:
∆L = 14724.04

400 = 37.06mm (30)

so the maximum deformation at point F is ∆F = 37.1mm . Since the bridge has a distributed load, the natural frequency of
oscillations is given by:

fn = 17.75√
∆F

= 2.92Hz (31)

(d) The dynamic amplification factor is given by:

DAF = 1√(
1−

(
f
fn

)2
)2

+
(

2βf
fn

)2
(32)

Letting β = 0.03, fn = 2.917Hz, and f = 2.75Hz, we get a value of DAF = 8.014. The equivalent static load is then:

weq = wstationary + (DAF )wo = 100 + 8.014(25) = 300.35kN (33)

which is around a factor of α = weq
wstationary

= 3.004 times greater than each individual load. Now note that all calculations,

including ∆L, A, and I are linear with the applied force (in fact, this is why the method of virtual work even works!). Therefore,
the maximum displacement will be:

∆max = α∆F = 111.5mm (34)

This also means the minimum required area and moment of inertia are all increased by fivefold. Since BC has a FOS for
buckling that is less than α, that member will likely buckle. Since member DF has a factor of safety less than α for tensile
forces, that member will likely yield.
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