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Free Abelian Group

The notion of a free abelian group is important. While during class this was introduced as a tool to solve another
problem (classification of finitely generated abelian groups), | will introduce it first to prevent the flow from being
broken up in the next section.

Before we define free abelian groups, we need to make a connection between abelian groups and linear algebra.

B Relationship between Abelian Groups and Vector Spaces

In this section, we make the connection between free abelian groups and vector spaces. The fact that the group
operator of abelian groups is typically written as addition + is suggestive of this relationship.

Specifically, just like how vectors can span a vector space, a linear combination of elements can span a group. For
formality, we introduce the following definitions:

Definition Set of Z linear combinations of elements of S
Let (A, +) be an abelian group. Note that if S C A, then

<S> = {Zkiai m e ZZO, a; S S7k’i S Z}

i=1

where the right hand side can be denoted as span;(.S), which is the set of all Z linear combinations of elements
of S.

Since empty sets are trivial, we have
spang(0) = {0}
Definition Linear Independence, Span, Basis
Let S C A.
1. S'is linearly independent (over Z) if for any m € Z<og, a1,...,a,m € S, and ky,..., k,, € Z,

m
Zklazzo = a1 =--=am =20,
i=1

or equivalently if every element of A can be written as a Z-linear combination of elements of S in at most
one way.

2. S spans A (over Z) if A = spany(S), or equivalently every element of A can be written as a Z-linear
combination of elements of A in at least one way.

3. S'is a basis (or Z-basis) of A if S is linearly independent and spans A, or equivalently if every element of
A can be written as a Z-linear combination of elements of .S in exactly one way.

B Example 1: ¢y,... e, is a basis of Z™.

B Definition of Free Abelian Group

Definition Free Abelian Group
A free abelian group is an abelian group that has a basis.

A free abelian group of finite rank is an abelian group that has a finite basis.

B Example 2: Z™ is a free abelian group of finite rank for all m € Z>(. Note that 7P = {0}.



B Example 3: If {v1,...,v,,} € R" is linearly independent over R and A is the subgroup of R" generated
by {v1,...,v,}, i.e. A={v1,...,v,) =spany({v1,...,v,}), then {vy,...,v,} is a Z-basis of A, so A is a
free abelian group of finite rank.

B Example 4: If {G,};cs is a set of abelian groups, then

Da; = {(gi)iel c[lc:

iel icl

gi = eg, for all but finitely many i € I}

is a subgroup of the direct product HGi' Note that we can call @Gi the direct sum of {G,}icr-
icl el

If I is infinite and G; = Z for all ¢ € I, then @Gi = EDZ is a free abelian group that is not of finite rank
i€l i€l
(it has an infinite basis but no finite basis).

Note that free abelian groups are like vector spaces over Z.

B Properties of Free Abelian Groups

B Proposition 1.1: Relationship to Z™

A group is a free abelian group of finite rank if and only if it is isomorphic to Z™ for some m € Z>.

Proof: Let A be a group. If m € Z>¢ and ¢ : Z™ — A is an isomorphism, then {¢(e1), -, ¢(em)} is a basis of A.
Conversely, if A is a free abelian group of finite rank and {a1,...,a,} is a basis of A, then
¢: 7™ — A
(kl,...7km) r—>k1a1+-~+kmam

is an isomorphism. |

B Proposition 1.2: Cardinality of Rank
Let A be a free abelian group of finite rank. then all bases of A have the same cardinality.

Proof: Let {a1,...,a,} be a basis of A.

Let {a;}jes be a basis of A. Foreach i =1,...,m, there exists a finite subset S; C {a’;} je s such that a; is a linear
combination of the elements of S;. Let S =S5, U---UJS,,.

Then aq,...,an are all linear combinations of the elements of S. Since {a1,...,a,} spans A4, it follows that every
element of A is a linear combination of the elements of S, i.e. S spans A. Let a;,,...,a;, be the elements of S.

Suppose for a contradiction that {a}};c is infinite. Then there exists j € .J such that a} # a;,...,a]; . There exist
ki,...,Jn € Z such that

n
ay = Zkia;‘w (1)
i=1

but this contradicts linearly independence of {a;}jej.

Therefore {a;}jes is finite. Let aj,...,a; be the elements of {a}};c;. Since {ai,...,an} spans A, for all
t=1,...,n we can write
m
!/
aj =" Mija; (2)
i=1

for some Mil; ceey M;,, € 7.



Similarly, since {a,...,al,} spans A, for all i =1,...,m we can write
a; = ZN”CLE (3)

for some Nj1,...,N;p € Z.

Foralli=1,...,n, we have

m

n
=> | D MiNj | ap

k=1 \j=1

Since {a},...,a,} is linearly independent, it follows that

foralli,k=1,...,n.

Similarly, for all i,k =1,...,m we have

ZNiijk = Jik- (5)

j=1
Let M = [Mij] (S Matnxm(Z) and N = [Nij] S Mathn(Z).
Then MN = I, and NM = I,,. Therefore, the Q-linear transformations

Q" —-Q"
r— Mx
and
r— Nx
are inverses of each other. Therefore Q™ and Q" are isomorphic vector spaces over Q, so m = n. |

H Definition of Rank

Therefore, we can remove the assumption that A is of finite rank from the proposition. This also introduces the
notion of a rank:

Definition Rank of a Free Abelian Group
Let A be a free abelian group. The rank of A is the cardinality of some (and hence any) basis of A and is
denoted by rank (A).

B Proposition 1.3: Finite groups have finite ranks




Let A be a finitely generated group. Then A is of finite rank if and only if A is a finite group.

Proof: The “only if" direction is immediate. Suppose A is a finite group and let {g1,...,9m} be a generating set
of A. Let {a;};cs be a basis of A. There is a finite subset {a;,,...,a;,} of {a;}icr such that

{gla--~7gm} C spany, ({ai1a"'7ain})'

Then

A =spany({g1,..-,9m}) C spany ({a;,,...,a;, ) C A,
so spang ({ai,,...,a;, }) = A. Since {a;,,...,a;,} € {a;}icr and {a;}icr us linearly independent, it follows that
{ai,,...,a,} is linearly independent. Therefore, {a;,,...,a;, } is a basis of A, so A is of finite rank. [ |

Warning! Here are a few misconceptions. Take Z for example. THen:
e {2,3} is a minimal spanning subset of Z, but it is not a basis as it is linearly dependent.
e {2,3} spans Z, but does not contain a basis of Z.
e {2} is a maximal linearly independent subset of Z, but it is not a basis because its span is 2Z C Z.

e {2} is linearly independent, but it is not contained in a basis of Z.

B Homomorphisms of Free Abelian Groups
B Proposition 1.4: Homomorphisms and Bases
Let A be a free abelian group and let {a;};cr be a basis of A.

Let B be an abelian group and let {b;};cr be a family of elements of B.

Then there exists a unique homomorphism ¢ : A — B such that ¢(a;) = b; for all ¢ € I. It is surjective if and
only if {b;};er spans B, it is injective if and only if {b;};cs is linearly independent, and it is an isomorphism iff
{b; }ier is a basis of B.

Let A be a free abelian group of finite rank n. For any basis @ = {a1,...,a,} of A there exists a unique isomorphism:
O0p : A— 7"

such that 0(a;) = e; for all i = 1,...,n. Note that:

o 0. (knyo o kn) =Y kia;
i=1
e Forall a € A, let us write [a], = 04(a) € Z™.

M Proposition 1.5: Matrices and Homomorphisms

Let A, B be free abelian groups of finite ranks n and m, respectively. Let & = {a1,...,a,} be a basis of A and
B ={b1,...,bn} be a basis of B. For all homomorphisms ¢ : A — B there exists a unique matrix

[T]3 € Mat,xn(Z)

such that for all @ € A we have
[Talg = [T]3ala-

Let C be a free abelian group of finite rank p and let v = {¢1,...,¢,} be a basisof C. If T': A — B and

S : B — C are homomorphisms, then

[ o T)5 = [SI5IT]3

Proof: Let T : A — B be a homomorphism. Define

[T]5 = [[Tarls - - [Tan]s].



The rest is straightforward. |

In words, this says that we can take any element a € A to b € B using the homomorphism 7" and write it as a vector
using the basis of B. This is equivalent to first writing a as a vector using the basis of A, and multiplying it by some
matrix [T]g that transforms the vector from an « basis to a § basis. Essentially, this is a change of basis matrix.

H Corollary
A homomorphism T : A — B is an isomorphism if and only if there exists N € Mat,, x,(Z) such that
[T)5n = Im and N[T5 = I,

in which case m = n.

B Matrices

As previously seen, we can make connections between free abelian groups and matrices. Here are a few more important
theorems which will help later:

H Invertible Element of Mat,,,,,(7)

Definition Invertible Element of Mat,,,,,(Z)
Let n be a positive integer and M € Mat,, «,(Z). We say that M is an invertible element of Mat,, x,,(Z) if there
exists N € Mat,, x,,(Z) such that

MN =1, = NM,

in which case N is unique, denoted by M1, and called the inverse of M. We denote the subset of invertible
elements of Mat,,x,,(Z) by GL,(Z).

Note that M € Mat,,»,,(Z) is invertible if and only if it is invertible in Mat,,,,(Q) and M~ € Mat,,«,,(Z).
B Classification of GL,,(Z)
GL,(Z) = {M € Mat,,xn(Z)| det(M) € {£1}

Proof: If M € GL,(Z), then

det(M)det(M ") = det(,) =1
Since det(M), det(M ") € Z, it follows that det(M) = det(M ') = +1.
If M € Mat,x,(Z) and det(M) = =1, then the usual formula for M~ € Mat, «,(Q) shows that M~! ¢
Mat,,xn(Z). Thus, M € GL,(Z). [

H Proposition 1.6: Ranks of Subgroups
For each free abelian group A of finite rank, every subgroup B of A is a free abelian group and

rank B < rank A

Remarks: One can drop the assumption that A is of finite rank.
Proof: We will proceed by induction on m = rank (A).

If m > 0 and assume that for each abelian group of rank m, every subgroup of it is a free abelian group of rank at
most m.

Let A be a free abelian group of rank m + 1 and let B < A. We can choose a basis &« = {a1,...,amt1} of A and

define
A" =spang({a,...,am}) < A



Then A’ is a free abelian group of rank m. [ |

B Theorem: Smith Normal Form

Let M € Mat,,«xn(Z). There exist a sequence of integral elementary row and column operations that transform
M to a matrix of the form

di 0

0o 4
0 |0

where dy| - - - |d,, are positive integers. Moreover, r = rank (M) and for all i = 1,...,7, d; = d;(M)/d;—1(M).
In particular, r,dy,...,r. are unique.

Definition ™" determinant divisor of M
Fori=1,...,min{m,n}, define

d;(M) := ged{determinants of ¢ x ¢ minors of M.}

and define do(M) = 1. The number d;(M) is called the i*" determinant divisor of M.

Note that if ¢ < rank (M), then d;(M) > 0.

H Integral Elementary Row Operations

There are three main operations:

e To interchange row 7 and row j, this is equivalent to multiplying on the left by F; ;.

e To multiply row ¢ by —1, we multiply on the left by D;.

e To replace row ¢ with row ¢ plus k times row j, we multiply on the left by E;;(k).

Note that if we were to act on the columns instead, the elementary matrices should be multiplied on the right.

The integral elementary matrices P;;, D;, E;;(k) generate the group GL,(Z).

B Smith Normal Form Algorithm

If M =0, we are done. Assume M # 0.

1.
2.

Let §(M) = min{|M,;| : M;; # 0}. Choose M;; # 0 such that |M;;| = 6(M).

If M;; does not divide an entry in its row, say M, and M;; = gM;; + r where ¢, € Z and 0 < r < |M;;],
then replace col; with col; — gcol;:

. This results in a matrix M’ with M}, =r and §(M") < r < |M;;| = 6(M). Let M denote M’ now. Go to the

previous step.
If M;; does not divide an entry in its column, we do the same thing analogous to the previous step.

If M;; divides every entry in its row and column, we can clear the other entries in row ¢ and column j using
M;; (i.e. all the other entries are 0). Let M denote the resulting matrix.

. If M;; divides every entry in M, skip this step. Otherwise, choose My, such that M;; t My,. Then replace row

i with row; + row;. Let M denote the new matrix. Go to the first step.

M;; divides every entry of M. Swap row 1 and row ¢ and swap column 1 and column j. If M;; < 0, multiply
row by —1.

We look at the resulting matrix M’ in the bottom right corner inside the larger matrix. Let M denote M.

Repeat steps 1 to 6 until M’ in the previous step is the empty matrix.



Finitely Generated Abelian Groups

B Definition of Finitely Generated Abelian Groups

Definition Finitely Generated Groups
A group G is finitely generated (FG) if there exists g1,..., g, € G such that

G=(g1,-9n)

= ﬂ H

H<G, gi1,...9gn€H

or equivalently, every element of G can be written as the product of integer powers of g;.

B Example 5: D, is finitely generated since D,, = (r,s)
B Example 6: Every cyclic group is finitely generated, so Z,Z/nZ are finitely generated for all n € Z>g

B Example 7: If G4,..., G, are finitely generated groups, then so is Gy X --- X G,,.
Consequently, Z" x Z/d1Z x --- x Z/dyZ is a finitely generated abelian group for all r,n € Z>( and

di,...,dy EZ>0.

B Classification of Finitely Generated Abelian Groups

Let A be a finitely generated abelian group. Then it can be classified in either of the two (perfectly equivalent)
ways:

1. There exists r,n € Z>( and positive integers di| - - - |d,, such that
AZZ" XL/ Z x -+ X Z]d,Z. (6)
Moreover, r,n,dq,...,d, are unique and the d; are called the invariant factors of A
2. There exist 1, s € Z>(, prime numbers p; < --- < p,, positive integers n,--- ,ng, and positive integers
1,1 =" 2 e,
€21 >+ > €2p,
B i 2000 2 €s,n,
such that

AXT X Lpt Lo - X Lfpi ™LX - X LJpS T X - X L[ps ™ T

ni Ns
=77 x [[2/p57Z % --- x [ [ 2/ps 2.
j=1 j=1

Moreover, r and s, and the p;,n; and e; ; are all unique.

More concisely, there exist r,t € Z~ and prime powers ¢; < --- < ¢; such that
AXZ" XZ/QZ x -+ X L] 2 (M)
and r,t,q; are unique. Note the ¢; are known as the elementary divisors of A.

Note that A is finite if and only if » = 0. Therefore, the theorem specializes to the classification of finite abelian



groups. To prove this, we will do the following:
1. Show that an isomorphism as in (1) exists by reducing the problem to a result in linear algebra.

2. We will construct an isomorphism as in (2) from an isomorphism as in (1), and vice versa.

L&t

B Lemma: Homomorphism from Z™ — A

Let (A, +) be an abelian group. Then A is finitely generated if and only if there exists m € Z~( and a surjective
homomorphism ¢ : Z™ — A.

Proof: Suppose that there exist m € Z~( and a surjective homomorphism ¢ : Z™ — A.

Let a € A. THen, there exists (z1,...,Z;,) € Z™ such that a = ¢(z1,...,2m). Fori=1,...,m, let
e;=(0,...,0,1,0,...,0) € Z™ (8)
where the i entry is a 1. Then (T1,...,xm) = inei. Therefore
i=1

a=¢ (; xiei> = z_; zig(e;). (9)

Therefore A = (¢(e1),...,¢(en)), so A is finitely generated.

To show the converse, suppose A is finitely generated and let ay,...,a, € A such that A = (aq,...,a,,). Define
Q:Zm — A (10)
by ¢(z1,...,%m) = x101 + - - - + Tnap,. Then ¢ is a surjective homomorphism. [ |

B First Reduction

Let A be a finitely generated abelian group and let ¢ : Z™ — A be a surjective homomorphism. Let B = ker ¢ < Z™.
By the 1°* isomorphism theorem, we have A = Z™/B. If:
B=dZx---xd,Z x {0} x---x {0}
<IZX -+ XLXLXLXL=7"

n riI=m-—n

then

A=7™/B
- Lx-  XLXLXLXTL
T hZx - X dpZ x {0} x -+ x {0}
EZ/MZLx - xL]d,Z x Z/{0} x Z/{0}
SZ/ML X X LA L XL X -+ X L
=Zd1Z X -+ X L]d,Z X 7"
27" XZL/A L X - X LA, 7

where the third line is a result in the exercise sheet. However, B might not have this form.

B Lemma

If ¢ : G1 — G2 is an isomorphism, N1 < Gy, Ny < Gs, and ¢(N1) = Na, then

Gl/Nl — GQ/NQ
g1N1 = ¢(g1) N2



is a well defined isomorphism.

We can actually make this result more general:
Let ¢ : G — G5 be a homomorphism and Ny < Gs. Then d)‘l(Ng) < G1 and the map

G1/¢~ (N1) = Ga/N>
910" (N1) = ¢(g1) N2

is a well defined injective homomorphism with im ¢ = ¢(G1)Na/Ns.

To prove that an inversion factor decomposition exists, it suffices to construct an isomorphism Z™ — Z"* that maps
Bto diZ x -+ x dpZ x {0} x --- x {0}, where dy,...,d, € Z~¢ such that d|---|d,. Indeed, if this is the case
then from the first reduction section, we would have shown that

AXT X Z)dy7 x T)dnZ. (11)

To construct an isomorphism Z™ — Z™ that maps B to the prescribed subgroup of Z™, we need a better under-
standing of group isomorphisms to Z™, especially their subgroups and isomorphisms between them. This leads us to
the study of free abelian groups, which we have done in the first section.

B Second Reduction

Let A be a finitely generated abelian group, ¢ : Z™ — A is a surjective homomorphism, and B = ker¢ < Z™.
Recall that it suffices to construct an isomorphism Z™ — Z"* that maps B to

A Zx - xdp,Z x{0} x---x {0} <Z™

for some positive integers di|- - - |d,,.

Since B < Z™, we now know that B is a free abelian group of rank n < m. Let » = m — n. It then suffices to prove
the following theorem (too lazy to write proof, can be found in Lec 20):

Let C be a free abelian group of finite rank m and let B < C. Then B is a free abelian group of rank at most
m. Let n = rank (B) < m.

Then, there exists bases 5 = {b1,...,b,} of B and v = {c1,...,cn} of C and positive integers d;| - - - |d,, such
that
bi = dici

forallt=1,...,n. Moreover, di,...,d, are unique.
Indeed, suppose that this theorem holds and apply it to B = ker ¢ < Z"™ = C. The isomorphism
zm = ¢ Dy gm
maps b; = d;c; to d;e; for all i = 1,...,n. Therefore, the isomorphism maps B to diZ x - -+ x d,Z x {0} x - - - x {0}.
We will prove a more general theorem.

Let B and C be free abelian groups of finite ranks n and m, respectively. Let ¥ : B — C be a homomorphism.

Then there exists bases = {b1,...,b,} of B and v = {c1,...,¢,n} of C, there exists a positive integer
r < m,n and there exists positive integers d;| - - - |d,- such that

d,-ci 1<:<r
WU(b;) = ) -
(b:) {0 r<i<n

10



or equivalently

Moreover, r,dy,...,d, are unique.

Let 5y,70 be bases of B,C, respectively. The theorem is equivalent to the assertion that there exists matrices
P e GL,(Z), Q € GL,,(Z) such that

dy 0
0
PlU)foQ =
ke 0 d,
0 0
for some positive integers di|---|d,, and r,dy, ..., d, are unique. It turns out that slightly more is true.

B Uniqueness

Now that we have shown it is possible to create an invariant factor decomposition, let us show this is unique. To do
this, we make use of torsion subgruops.

H Torsion Subgroup

Definition Torsion subgroup of A
Let A be an abelian group. For each n € Z~(, we define the n-torsion subgroup of A to be

An]:={a € A:na=0}
we define the n-power torsion subgroup of A to be
An™]:={a€ A:n"a =0 for some k € Zxo}
and we define the torsion subgroup of A to be

Tor(A) :={a € A: ma =0 for some m € Z~o} = U Aln].

nEZ>o

B Proposition 2.1 Isomorphisms of Torsion Groups

Let A be a finitely generated group. If A = Z" x T, where r € Z>y and T is a finite abelian group, then
T = Tor(A) and Z" = A/Tor(A).

Consequently, T" is unique up to isomorphism and r is unique.

Proof: First, note that if ¢ : B — C'is an isomorphism between abelian groups, then ¢(TorB) = TorC), so ¢ restricts
to an isomorphism ¢ : TorB — TorC.

Let ¢: A — Z" x T be an isomorphism as in the proposition statement.
Since Tor(Z" x T) = {(0,...,0)} x T = T, we have Tor(A) = {0} x T = T.
Also since ¢(TorA) = {0} x T', the map

A/TorA —Z" x T/({0} x T)
a+ TorA — ¢(a) + ({0} x T)

11



is a well defined isomorphism. Therefore,
A/TorA=7Z" x T/({0} xT)
>7"/{0} xT/T
=7Z" x {0}
~7r

H Proposition 2.2: Isomorphisms of n-power Torsion Groups

Let A be a finitely generated abelian group. If A = Z" x P x B, where r € Z>¢, P is a finite abelian group
with | P| = p* for some prime p, and B is a finite abelian group with p { |B|, then

A[p>*] = P

B Proposition 2.3: Uniqueness

To prove uniqueness of the invariant factor and elementary divisor decompositions, it remains for us to prove that
dy,...,dy, and €;1,...,€;,, are unique foreach i =1,...,s.

Let A be a finite abelian group. If A 2 Z/a1Z X --- X Z/a,Z for positive integers a1|- - |ay, then aq,...,a,
are uniquely determined by A.
To prove this, we make use of the following lemma:
Ifa € Z, b € Z~g, then
a(Z/bZ) = ged(a, b)Z/bZ
Proof: We have

a(Z/VZ) = {a(n +bZ) : n € Z}

={an+bZ:necZ} ={z+bZ:x€al}
= image of aZ under the quotient homomorphism Z — Z/bZ
= (aZ + bZ)/bZ
= ged(a, b)Z/bZ

where the last line follows from Bezout's Lemma. |

and another lemma:

Let p be a prime and let b € Z~, for all e € Z~(, we have

pt(Zzpmz) o, {0}y ptb
pe(Z/VZ) |\ Z/pZ p°lb

Proof: Let e € Z~(y. By Lemma 1, we have
P HZ/VL) = ged(p* D) Z/L

and
p*(Z/bZ) = ged(p®, b)Z/bZ

Suppose p© 1 b. Then ged(p®, b) = ged(p®™t,b). Therefore p~(Z/bZ) = p®(Z/VZ), and

)

pe(Z/VZ)

12



Suppose p® | b. Then ged(p®,b) = p® and ged(p®~*,b) = p°~ . Therefore:

pNZ/OZ)  peT\ZJVE

e (ZJVZ)  pZJVL
= TP

where we have used the third isomorphism theorem. The map

7./pZ — p* 7./ p°Z.
n+pZ v p°in+ p°Z

is a well defined isomorphism (consider Z — p°~'Z/p°Z and n + p®'n + p°Z and apply the first isomorphism

theorem).
Therefore,
PP L = L)L
and we are done. [
Let p: A—Z/a1Z X --- X Z/a,Z =: B be an isomorphism, where a1 |- - |a,, are positive integers.

Let p be a prime and € € Z~. Then ¢(p° *A) = p° ' B and ¢(p°A) = p°B. Therefore, the map

p“tA/p°A— p* ' B/p°B
z+p°A ¢(z) +p°B

is an isomorphism. We have

pe—lA o pe—lB
peA  p°B
N L) L% - X Lfan L)
p(Z/arZ x -+ X L]an,Z)
PN B D) x - x p N (E )
P(ZfarZ) % - - - x p*(Z/anZ)
LB D)y a)
p(Z/arZ) p(Z/an’)
= (Z/pZ)
where 7 is the number of i € {1,...,n} such that p°|a;.
Leti e {1,...,n}.
If p®la;, then p®la;,a;t1,...,a,, so there are at least n — (i — 1) elements j € {1,...,n} such that pla; and
therefore
r>n—(i—1).
If p°ta;, then p°tay,...,a;, sor <n—i.

Therefore p®|a; if and only if p° 1 A/p°A = (Z/pZ)" for some 7 > n — (i — 1) if and only if |[p ' A/p°A| = p" for
somer >n— (i —1).

Thus the prine powers that divide each a; are determined by A and therefore the a; are determined by A.

B Elementary Divisors to Inversion Factors

Now we wish to show we can create an isomorphism between the two ways to decompose an abelian group, and thus
show that they are equivalent.
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S ng
Suppose that A =2 Z" x H HZ/(pfi'jZ). Recall that p; <--- <pgande;1 > - >¢€;,, foralli=1,...,s.

1=17=1
Let n = Jnax (n;). Foreach i € {1,...,s}, if n; < n, define e;; =0 for all n; < j <n. Then
S n
azz < [[[[2/0 )
i=1j=1
n S
=77 x [[ ]2/ @ 2).
j=li=1
Now,
1z z)y =2/ - piriz)
i=1
forall j=1,...,n.
. en,n—i+1
Define d; = py" """ fori=1,...,n. Then dy|---|d, and

AZZ" XZ/AWZ x --- x L)d,Z

Group Actions

B Permutation Representations
Let G be a gruop and let X be a set.

Definition Permutation Representation of G on X
A permutation of G on X is a homomorphism ¢ : G — Sx.

B Example 8: If G is a permutation group on X, i.e. G < S, then the inclusion i : G — S, and g+ g is
a permutation representation.

If : G — S, is a permutation representation, we define

a=04:GxX =X
(9,2) = ¢(g)(x)

B Properties of Permutation Representations

1. For all x € X, we have

2. For all g1,92 € G and = € X, we have

o(
= ¢(g1)(a(g2, 7))
a(g1, a(ge, )

If we write g - x instead of a(g,x) for all g € G,z € X, then the above becomes:
1. Forallz e X, e-z=ux.

2. Forall g1,92 € G and x € X we have (g1g2) -2 =g1 - (92 - x)

14




B Definition of Group Action

Definition Group Action
A group action of G on X is a map a: G X X — X such that
1. Forall z € X, ale,z) = x.
2. Forall g1,92 € G and z € X,
(9192, ) = a(g1, (g2, 7))

Note that we often use other notation to denote group actions, such as g - z, g x x, 9z, or gz instead of a(g, ).

M Proposition 3.1: Permutation Representations are Group Actions
If $: G — S, is a permutation representation, then

0&¢ZG><X—)X
(9,7) = ¢(g)(x)

is a group action.

B Proposition 3.2: Permutation Representation from Group Actions
If «: G x X — X is a group action, then for all g € G the map

dalg) = alg,): X = X
T afg, T)

is an element of S, and the map ¢, : G — S, is a permutation representation.

B Theorem 3.1: Relating Permutation Representations and Group Actions
The maps

{permutation representations of G on X} <> {group actions of G on X}
¢ — Qg
P

are inverses of each other.

Thus, we can switch back and forth between permutation representations and group actions of G on X.

B Right Group Action
What we have called a group action is more precisely called a left group action.
We can similarly define right group actions.

Definition Right Group Actions

A right group action of Gon X isamapa: X XxG = X, (z,9) — z - g such that
1. Forallz € X, z-e==x
2. Forall g1,92 € Gand z € X, - (g192) = (- g1) * ga-

15




H Proposition 3.3:

If : G x X — X is a left group action, then ar : X x G — X defined by

—1

ar(z,9) = alg™, z)

for all z € X, g € G, is a right group action.
Similarly, if « : X x G — X is a right group action, then the map ay : G x X — X defined by

OtL(g,$> = a(m,g_l)
forall g € G, x € X, is a left group action.

The maps

{left actions of G on X} « {right actions of G on X}
o= QR

oy, <«

are inverses of each other.

B Terminology

Let « : G x X — X be a group action and (g,z) — ¢g-x and let ¢ : G — S, be the corresponding permutation
representation.

Definition Faithfulness
¢ and « are faithful if ¢ is injective, or equivalently for all g € G\ {e}, there exists € X such that g -z # «.

Definition Fixed Points and Stabilisers
For all g € G, Fix(g) = X9 :={x € X : g-x = x} is the set of fixed points of g.

For all z € X, Stab(z) = G :={g € G: g- = = x} is the stabiliser of = (or isotropy group of x).
For all z € X, Stab(z) < G.

Definition Freeness
ais free if for all g € G\ {e}, we have Fix(g) = ¢.

If « is free, it implies that « is faithful.

Definition Invariants (noun)
The set of invariants of G is:

XC.:={zeX:g-z=zaforall geG}
= [ Fix(g)

geG

Definition Invariant/stable (adj) and Fixed

Let S C X.

S is invariant/stable under g € G if g- S = S where g- S:={g-s:s€ S}.
S is invariant/stable under G if g- .S = S for all g € G.

S is fixed by g € G if S C Fix(g).

S is fixed by G if S C X€.

Definition Orbits
Forz € X, G-x = Orb(z) :={g-z: g € G} is the orbit of z under «.

16



The set of orbits of « is
G\X ={G-z:2 € X}

Definition Transitivity
« is transitive if one of the following equivalent conditions hold:
1. For all z,y € X, there exists g € G such that g-x = g.
2. (If X # ¢) there exists x € X such that X =G - x.
« is simply transitive if « is transitive and free, or equivalently for all x,y € X, there exists a unique g € G such
that g-x = y.

B Example 9: If G < S, then g - 2 := g(z) is an action of G on X.

B Example 10: If X is a geometric object and G = Sym(X), then G C S,;, so we have an action of G on
X.

For example, if X = P, = {(cos(2wk/n),sin(2wk/n)) : k =0,...,n — 1}, G = D,, = Sym(P,), then G
acts on X.

If Fis a field, X = F", G = GL,(F).

B Example 11: If F'is a field,

X =P""YF):={¢:¢isalinein F" through 0,
G = GLu(F),

then
g-l:=gl={gv:vel}

defines an action of GL,,(F) on X.

B Example 12: G = SLy(R), X = {z € C|Im(z) > 0}, then

a b az+b
c o=
c d cd+d

defines an action of SL2(R) on X.

B Example 13: G = S,,, X = C|x1,...,z,], then

g p(xlv ERRE) ln) = p(xa(l)v cee 7x(7(n))
defines an action of S, on Clzy,...,z,].

S

Clz1,...,z,]”" = {invariant polynomials in n-variables}

B Example 14: X = G, g - © := gx defines a left action of G on itself (The left regular action of G on
itself).

The corresponding permutation representation ¢ : G — Sg is the left regular permutation representation of
G.

Cauchy’s Theorem tells us that the action in the previous example is faithful. The action is simply transitive.
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B Example 15: X = G, then g -z = gxg~ "' defines a left action of G on itself.
The permutation representation: G — Int(G) < Aut(G) C Sg

For every z € X = G, Stab(z) = Cg(x).

For g € G, Fix(g) = Cc(g).

X% =2(Q).

H < @G, then H is invertible/stable under G if and only if H < G

H < G, then H is fixed by G if and only if H C Z(G).

Forx € X =G, G-z ={grg~': g€ G}, which is the conjugacy class of z.

B Example 16: Let H C G. THen H x G — G, (h,g) — hg is an action of H on G.
e The action is free.
e Forge G, itsorbitis H-g= Hg.
e The set of orbits H\G is the set of right cosets of H in G (also denoted by H\G),

B Example 17: H C G, X =G/h. Forallg e G and g,H € X = G/H, g-g9,H := gg,H defines an action
of Gon G/H
e If ¢ : G — Sx is the corresponding permutation representation then ker ¢ < H.

B Example 18: Let X = {H: H< G}, g- H =gHg™ "
e Stab(H) = Ng(H)
e X¢={H:H>G}
e G-H=0rb(H)={gHg ' :9€G}

B Fundamental Results

Let a:Gx X — X, g+ g-x be a group action.

H Orbit Stabiliser Theorem
For all z € X, the map
G/ Stab(z) = G - x
gStab(x) — g -z

is a well=defined bijection. Thus,
|G - x| = [G : Stab(z)],
and if |G| < oo, then
|G - 2| = |G|/| Stab(z)|
Proof: Let g,¢' € G. THen
g r=g-2 = (g7'¢) 2=z
= g g’ € Stab(x)
<= ¢’ Stab(z) = g Stab(z).

Thus, the map is well defined and injective. It is clearly surjective.

18



B Proposition 3.4

For all z,y € X, we have
G z2NG y#¢ = G-z=G-y

H Corollary

Let X = H G - x. Therefore:
g-z€G\X

| X| = Z |G- x| = Z [G : Stab(z)]

G-zeG\X G-zeG\X

H Proposition 3.5

Forallz € X and g e G
Stab(g - 2) = g Stab(x)g™*
Proof: For g’ € G, ¢ - (g-x) = g-x if and only if (¢7'¢g'g) -« = = if and only if g~'¢'g € Stab(x) which is true if
and only if ¢’ € gStab(x)g™ . [ ]

B Burnside’s Lemma

Also known as Cauchy-Frobenius Lemma/Not Burnside's Lemma/ORbit-Counting Theorem:

Let |G||G\X| = > | Fix(G)|. If |G| < oo, we have
geG

G\X]| = |—(1;| S [Fix(g)|

geG

i.e. the number of orbits is the average number of fixed points of an element of G.

Proof: We have
H{g} x Fix(g) ={(g,2) e Gx X :g-z =z} = H Stab(z) x {z}.

geG reX
Therefore:
S IFix(g)| = [{(0.7) € Gx X 1 g =} = 3 |Stab()].
geG zeX
Since X = H G -y, we have

G-yeG\X

Z | Stab(z)| = Z Z | Stab(z)].

zeX G-yeG\X z€G-y
Forally € X and z € G -y, = g - y for some g € G and Stab(z) = g Stab(y)g~!, so
| Stab(z)| = | Stab(y)|.
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Thus,

o= > > [Stabx)

zeX G-yeG\X z€G-y

= Y |G yllStab(y)|

G-yeG\X

Z [G : Stab(y)]| Stab(y)|

G-yeG\X
= > g
G-yeG\X
GlIG\X|

where the antepenultimate and penultimate equalities follow from the Orbit-Stabilizer Theorem and Lagrange's
Theorem, respectively. |

B Class Equation Revisited
Let G be a group, X is a set, so G x X — X is a group action. Recall that:
X = H G-x
G-zeG\X

SO

|X| = Z |G- x| = Z [G : Stab(z)]

G-zeG\X G-zeG\X

However, there is another way to re-write this:

M Lemma
For all z € X,

|G 2| =1 <= Stab(z) =G
— zeXC®
= G-z ={z}
Proof: By the orbit-stabilizer theorem,
|G - x| = [G : Stab(x)]
It follows that the |G - 2| = 1 if and only if Stab(z) = G.
We also know that Stab(z) = G <= g-z =z for all g € G. This by definition is equivalent to 2 € X©.

Lastly, if z € X©, that happens if and only if g - 2 = x for all g € G which happens if and only if G -z := {g-x:
g€ G} ={z} u

Therefore,

1X| = > |G- x|+ > G - |

GzeG\X(st. |G-z| =1) G-zeG\X(st. |G- z| #1)
= > 1+ > [G : Stab(z)]
{z} st. z € X€ GzeG\X(st. |G x| #1)
= X%+ > [G : Stab(z)]

G-zeG\X(st. |G- x| #1)

We also call this the class equation of this action. It is a bit more useful in this form.
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B The Class Equation of a Group

1

Let G be a group, X =G, and G x X — X and (g,x) — gxg ~ is the action of G on itself by conjugation.

Then for all z € X = G,
G-z={grg':gcG}=:cl(z)

and

G\X = {c(z) : z € G} =: cl(G).
Note that
e XY =12(0)
e Forall z € X =G, Stab(z) = Cg(x).

The class equation for this action is

Gl = 12(G)] + > [G: Cg(a)]
c(z)ec(G) s.t. |cl(x)]#1

and is known as the class equation of G.

B p-groups
Let p be a prime.
Definition p-group
A finite group G is a p-group if |G| = p" for some n € Z>.
B Fundamental Theorem for p-groups (Invariants of a p-group)
Let G be a p-group and let X be a finite set, and let - be an action of G on X: G x X — X. Then
X =[X| (mod p).
Consequently, if p{ |X|, then X< £ 0.

Proof: If G = {e}, then X = X, and the result follows.
Assume G # {e}. The class equation is

X[ =X+ > [G : Stab(z)].

G-2€G\z,|G-z|#1

It suffices to show that the second term on the right is divisible by p. To do that, note that if x € X and |G- z| # 1,
then
p | [G : Stab(z)]

by Lagrange's Theorem, since |G - z| # 1. [ |
B Theorem 3.2
If G is a non-trivial p-group, then Z(G) # {e}.

Proof: Applying the preceding lemma to the action of G on itself by conjugation gives
1Z(G)| =G| (mod p)

Since G is a non-trivial p group, p | |G|. Therefore |Z(G)| = 0 (mod p), i.e. p | |Z(G)|. Since e € Z(G),
|Z(G)| > 0. Therefore, |Z(G)| > p > 1, so Z(G) # {e}. [

H Corollary
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Every group of order p? is abelian.

Proof: Let G be a group of order p?. Then it has a non-trivial center, we have |Z(G)| = p or p* by Lagrange’s
Theorem. In tha lItter case, Z(G) = G and we're done.

Suppose |Z(g)| = p. Then G/Z(G) is a group of order p, so it is cyclic, and thus G is abelian by an earlier result. W
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Sylow’s Theorems

B Sylow p-subgroups
Let G be a finite group.
Definition Sylow p-subgroup of G
Let p be a prime. Let n be the unique positive non-negative integer such that p™||G| and p" ™! { |G|, i.e. p™ is
the largest power of p that divides |G|.
A subgroup of G of order p" is called a Sylow p-subgroup of G.
The set of Sylow p-subgroups of G is denoted by Sylp(G). And define

np = [Sylp(G)|.

Note that if p { |G|, then Sylp(G) = {{e}}. If p| |G|, then Sylow p-subgroups are non-trivial if they exist.

B Sylow’s Theorems, 1872

Let p be a finite group and let p be a prime.
1. For each k € Z>¢ such that Pk | |G|, there exists a subgroup of G of order p¥. In particular, there exists

a sylow p-subgroup of G.

Note that this is a partial converse to Lagrange's Theorem.

2. If H is a p-group of G and if P € Sylp(G), then there exists g € G such that H < gPg~'. In particular,
every p-subgroup of G is contained in a sylow p-subgroup.
Furthermore, if H is a sylow p-subgroup of G, then it follows that H = gPg~!, i.e. any two sylow
p-subgroups are conjugate to each other.

3. For any p € Sylp(G), we have

ny = [SyIp(G)| = [G : No(P))|IG.

Also, n, =1 (mod p).
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