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This experiment determined the time it takes for a piece of paper to fall a distance of one meter
and analyze how perturbations due to air resistance and initial conditions affects the distribution of
times. It was found over 40 trials that the average time was 1.25 ± 0.01s with a standard deviation
of σ = 0.06s. These results differ from the estimated maximum time of 1.2s, which shows that the
effects of drag and lift were greater than what was expected.

I. INTRODUCTION AND METHOD

For an object falling without the presence of air resis-
tance, it experiences a constant acceleration g and if it is
dropped from rest, then the height it travels after a time
t is given by

h =
1

2
gt2 (1)

However, in the presence of air resistance, the accelera-
tion becomes nonlinear. The resistive force of ar friction
slows down the paper, increasing the time it takes to fall.
I can estimate the magnitude of this force by considering
the change in momentum of air molecules colliding with
the paper. In a time dt, a mass of ρAdx collides inelas-
tically with the paper. If the paper is moving at a speed
v, then I can use Newton’s second law to write the force
of drag as:

Fd ≈
dp

dt
=
dm

dt
v = ρAv2 (2)

where I are ignoring edge effects. Here, ρ is the density
of air. The terminal velocity of the paper is given when
the air friction balances out the gravitational force at the
terminal velocity:

vT =

√
σg

ρ
(3)

where σ ≡ m
A gives the area mass density of the paper.

This places an upper limit of:

tupper = H

√
ρ

σg
(4)

Paper with a density of 90g m−2 was used in this exper-
iment over a distance of one metre. If the density of air
takes on a typical value of 1.23kg m−3[1], then the upper
limit should be expected to be around 1.2s. However,
since it is unrealistic to assume the paper will be parallel
to the ground at all times, the average drag force will be
lower and thus I predict there will be numerous results
below this upper bound.

To minimize uncertainties in the initial height the pa-
per was dropped from as well as the initial angle, three

strings were tied from the ceiling and a metre stick was
used to measure the tips to be 1 m above the floor. The
three strings define a horizontal plane such that if a piece
of paper lightly touches all three ends, then it is safely
at a horizontal position with respect to the ground. To
a precision of ±0.5mm, the meter stick was used to mea-
sure the height of the tip from the ground. The bottom
was placed flat on the ground to minimize angle uncer-
tainties.

The drops were recorded using a 29.97 fps High Defi-
nition 1080p camera and the time elapsed between when
the paper gets released and when it first touches the
ground was determined by playing the video frame by
frame in a video player afterwards. Markings were also
made on the ground at the location where each paper
initially made contact to analyze uncertainties in the ini-
tial orientation. The paper was always held in the same
orientation with the long end facing the camera.

II. RESULTS

A total of 40 trials were completed with an average
of 1.25s such that the time uncertainty is related to the
time of 1 frame or 1/29.97th of a second. The measure-
ment uncertainty for each measurement is estimated to
be ±0.01s, which is 40% of the time of a single frame.
The specific ratio of 1/3 is justified in the discussion.
This is smaller than the standard deviation of the data
set: σdeviation = 0.06s. The distribution can be seen in
the histogram in figure 1. The bin width was chosen to be
half the standard deviation such that in each bin, there
are few statistical outliers which may give an inaccurate
picture of the distribution, but there were enough bins
to show the skewed pattern. The median time (which is
also the mode) was 1.27s, which is half a standard devi-
ation higher than the average. This supports the initial
hypothesis of negatively skewed data. However, the up-
per bound was measured to be around 1.33±0.05s, which
was slightly higher than the predicted value.

Since the statistical uncertainty for each measurement
is higher than the measurement uncertainty, I estimate
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FIG. 1. Distribution of times in the experiment. The stan-
dard deviation, measurement uncertainty, and standard error
are shown.

two thirds of all measurements will fall in the range of:

t = 1.25± 0.06s (5)

The standard error on the other hand is σerror = 0.01s,
and coincidentally the measurement error is also the
same, though it is slightly bigger. As a result, two thirds
of all averages taken over 40 trials would fall in the range
of:

tavg = 1.25± 0.01s (6)

Justification is provided in the discussion and technical
details is given in Appendix A. When the uncertainty and
standard error are graphed against the number of trials
in figure 2, I see that there is no noticeable trend to the
standard deviation, but there is a noticeable downwards
trend to the standard error. The error bars eventually
cross the x axis, which show that σ/

√
N is not a reli-

able measure of the uncertainty of the average and the
measurement uncertainty has to be used instead. The
spatial distribution of the contact points can be seen in
figure 3. While most contact points are relatively near
the triangle, it is biased towards the top and towards the
right.

III. DISCUSSION

A. Measurement Uncertainties

I have made the claim that the largest measurement
uncertainties were due to the limited frame rate of the
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FIG. 2. The standard error and the standard deviation plot-
ted against the number of trials, in multiples of five. The
measurement uncertainty is also shown via error bars.

recording device. In this section, other sources of uncer-
tainty will be explored and show they are below ∆t =
0.05s.

I estimate the uncertainty of the initial height to be
around ∆h ≈ 1mm. As I shall show, this uncertainty
isn’t significant at all and any fluctuations would be neg-
ligible. I was able to make readings on the meter stick
with an accuracy of ±0.5mm, but I estimate my shaky
hands to have an additional uncertainty of±0.5mm. This
small uncertainty is due to the setup: Since I have strings
tied from the top, it stops me from bringing the paper
too high or too low. Extra time was sacrificed in order
to line the paper up accurately. Making the assumption
that the paper reaches terminal velocity very quickly, the
time elapsed is proportional to the height of the fall, so
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FIG. 3. Map of points of contact with the ground. The loca-
tion of the three strings are denoted by the blue triangles and
the contact point of each drop is recorded with green tape.
The length of the red line is 8cm. The paper was held parallel
to the tile markings.

the time uncertainty as a result of this is:

∆tfrom height = t
∆h

h
≈ 0.001s (7)

There can also be uncertainty in the initial angle the
paper is held at. I make the assumption that the hori-
zontal displacements shown in figure 3 correspond to a
nonzero initial angle. As an approximate estimation, I
can designate each trial that lands outside the central
square region as a trial where the angle wasn’t controlled
well. I then determine the average of these trials to
be tfar = 1.26 ± 0.02s. On the other hand, the aver-
age time for trials that landed in the central region was
tcentral = 1.24 ± 0.01s. On average, only 14/40 = 35%
of papers went outside the region so I estimate that the
time uncertainty that is a result of uneven hands is thus:

∆tfrom angle ≈ 35% · 0.02s = 0.007s (8)

Note that the initial speed also has an uncertainty, as
it is unrealistic to drop an object perfectly at rest using
hands. This uncertainty however can fall under both the
uncertainty of the height and the uncertainty of the initial
angle. In order to match the uncertainty of the frames,
I would have needed to toss the paper up a distance of
30mm, which could not have been possible due to the
strings blocking the motion. There also could not be an
initial downwards velocity since I let go of my top fingers
before my bottom fingers so there cannot be any pushing
force downwards.

Similarly, if there was instead some initial horizontal
velocity, then the discussion above involving trials where
the paper traveled far from the drop location would have
also covered it.

All three of these uncertainties are smaller than the un-
certainties used in the observations section, so ignoring
them can be justified for the sake of simplicity. There
are other uncertainties as well, such as the paper be-
ing crinkly and tiny wind currents causing perturbations
were not able to be quantified, and are classified under
statistical errors.

In figure 2, I made the claim that the measurement
uncertainties were independent of one another. This is
justified by how I determined the elapsed time. I let my
starting frame be the first frame where I can see that
the paper was not in contact with my fingers. The final
frame was thus the first frame where I saw the paper
make contact with the ground. The time was determined
by counting the frames and dividing it by the frames per
second (fps). Let 0 < δt < 1/fps, then the actual time of
the initial drop is t1−δt1 and the actual time of when the
paper makes contact is t2 − δt2. If δt2 > δt1, the actual
elapsed time is shorter than the measured. If δt2 < δt1,
the actual elapsed time is longer than measured. Since
both of these will have equal probabilities of happening,
it is just as likely for each value to be overestimated than
underestimated.

Earlier, we claimed that the time measurement uncer-
tainty for each trial is 40% of a frame. Let t1 and t2
be random variables evenly distributed in the normal-
ized range [0, 1] such that their difference gives the un-
certainty in the time measurement, in units of the fps.
The uncertainty is then given by:

σ2 = 〈(t2 − t1)2〉 − 〈t2 − t1〉2 (9)

where 〈t2 − t1〉 represents the expected value of the dif-
ference. Due to the symmetry of the setup, the expected
value of the difference is zero since it is just as likely to
end up positive than negative. The expected value of the
square of the difference is given by:

〈(t2 − t1)2〉 =

∫ 1

0

∫ 1

0

(t2 − t1)2 dt2 dt1 =
1

6
(10)

Therefore:

σ =
1√
6
≈ 0.41 (11)

of a frame, or σ = 0.014 ≈ 0.01s. Another important
feature of figure 2 is that the average measurement un-
certainties do not change. This is because the time uncer-
tainty is evenly distributed and does not follow a normal
distribution.

B. Lift Phenomenon

From the previous section, it was discovered that pa-
pers which traveled farther also traveled longer. This
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contradicted the hypothesis, which assumed there was
a hard upper bound, and that papers which don’t fall
perpendicular will spend less time in the air.

Qualitative observations show otherwise. In many tri-
als where papers flew down, they were able to angle up
and coast at a constant altitude before touching the floor,
reminding me of a bird extending its wings at the last sec-
ond of a dive. Other times, it rocked back and forth. In
both these scenarios, the flexible nature of the paper was
able to generate lift, which causes the paper to stay in
the air longer than theoretical estimates.

IV. CONCLUSION

The purpose of the lab was to determine three num-
bers X, Y , and Z such that if this experiment was to be
reproduced, two thirds of data points would fall in the

range of X ± Y , and if this experiment was done numer-
ous times, the average would fall in the range of X ± Z
two thirds of the time.

These numbers were determined to be

X = 1.25s

Y = 0.06s

Z = 0.01s

To improve this experiment, a better camera with a
higher frame rate can be used to lower the time un-
certainty of the drop. Human error can be avoided by
designing a mechanical device that can hold the paper
still at a specific height and drop it instantaneously on
command, though this second improvement should not
be prioritized on.

These changes will reduce measurement and systemic
errors, and in turn, also lower the standard deviation,
allowing a deeper look into the chaotic motion of the
paper as it falls down.
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Appendix A: Justification for Y and Z values.

To be clear, Y represents the standard deviation in this experiment. If the distribution is assumed to be normally
distributed, then around 68% of data points will fall within X − Y and X + Y where X is the mean. Technically,
a more formal approach would involve z-scores. However, due to the high uncertainties in the other variables, the
difference would be negligible.

The standard error gives the statistical uncertainty of an average. Intuitively, this uncertainty should go down with
an increased number of trials. This is shown in figure 2. The standard deviation however, stays constant, so it is a
better measure of the statistical uncertainty of a single datum, further justifying why Y is the standard deviation.

A proof for why the standard error is exactly σ√
N

is provided below. Suppose that the data is normally distributed,

which allows us to add in quadrature:

σ(tavg)2 = σ(t1/N)2 + σ(t2/N)2 + · · ·+ σ(tN/N)2 (A1)

Letting σ(t1) = σ(t2) = · · · = σ(tN ), this simplifies to:

σ(tavg) =
σ(t)√
N

(A2)

The value of Z is chosen as the maximum between the measurement error and the standard error. The measurement
error is larger by a tiny bit (from the discussion, I derived it to 1

29.97
√
6
≈ 0.014s, where I have included an extra

significant digit). The standard error on the other hand, is: σ√
40

= 0.0010.

Appendix B: Data Table

Trial Frames Seconds
1 37 1.235
2 33 1.101
3 35 1.168
4 33 1.101
5 35 1.168
6 38 1.268
7 39 1.301
8 36 1.201
9 36 1.201
10 37 1.235
11 38 1.268
12 38 1.268
13 39 1.301
14 35 1.168
15 38 1.268
16 38 1.268
17 38 1.268
18 38 1.268
19 38 1.268
20 38 1.268

Trial Frames Seconds
21 34 1.134
22 38 1.268
23 38 1.268
24 39 1.301
25 37 1.235
26 37 1.235
27 36 1.201
28 38 1.268
29 39 1.301
30 43 1.435
31 40 1.335
32 39 1.301
33 39 1.301
34 38 1.268
35 37 1.235
36 37 1.235
37 37 1.235
38 39 1.301
39 36 1.201
40 37 1.235

TABLE I. Data regarding the elapsed time was collected by counting frames in the video recording. The frames were manually
converted to seconds by dividing by the frame rate of 29.97 fps. An extra significant digit for intermediate calculation purposes,
and the statistical uncertainty of each datum is ±0.06s


