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1 General Collisions
There are three types of collisions:
» Elastic: Energy is conserved.
= Inelastic: Some energy is lost.
= Completely Inelastic: Maximum loss of energy. Objects stick together afterwards.

The coefficient of restitution is defined as:
_ V2,f —V1,f (1)

V1,i — V24

For an elastic collision, e = 1. The conservation of momentum applies when the net external force is zero:
M1V ; + Mol ; = M1 § + Mav2 . (2)

The conservation of energy applies when no energy is being transferred in or out of the system (e.g. friction / explosions could

make it lose energy):
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SMIVL; + gMavy ;= STy 5oy - (3)

Oftentimes, problems are easier to deal with in the center of mass frame, as the net momentum is zero. The velocity of the

center of mass is:
miv1 + Mavs
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We can write the energy of the system as:

Kiot = Kem + Keony (5)
where: 1

K = 5(M +m)o2, (©)

For a totally inelastic collision, the energy dissipated (which so happens to be the max) is given by the convertible kinetic
energy:

1
Kconv - 5,1“}%2 (7)
mimsz . . . . .
where © = e is the reduced mass and vy5 is the relative velocity of the two objects.
my — m2

1.1 Tips and Tricks

When solving a general collisions problem, there are two ways (that are equally as valid) to do so.

1. Use conservation of momentum and the coefficient of restitution equation. Avoid using conservation of energy unless
absolutely needed, since that will give a quadratic.

2. View things in the center of mass frame where the total momentum is zero. In this frame, the objects simply collide,
switch directions, and have their speeds scaled by a factor of e. Switching back to the lab frame gives us the answer.



Example 1: As an example and for practice, | will solve the most general problem. A mass m; has velocity v; and
collides with a mass my with velocity u;. If the coefficient of restitution is e, what are their final velocities vy and us?

We have two equations:

Up —Vf = ev; — ey

mi1v; + Mol = M1V + Mally
Making the substitution uy = ev; — eu; + vy gives us:

miv; + mou; = My + mao(ev; — eu; + vy)
miv; + mow; = (M1 + ma)vy + moev; — moeu;

myv; + mau; — ema(u; — v;)

Vf =
f mi1 + mo

and similarly for us, we have:
myv; + mau; — emq (v; — u;)

U =
! mi + mo

Example 2: We can also solve this from the center of mass frame. The CoM has a velocity of vey, =

(8)
(9)

(10)
(11)

(12)

(13)

miv; + Mot

1

ma +m2

so in this frame, the two objects have a velocity of v, = v; — vem and u, = u; — vem. When they collide, their velocities

change by a factor of —e to become:

vy = —e(Vs — Vem)

—e(U; — Vem)

/
u'p
and shifting back to the lab frame, they have velocities of:

miv; + Mol

== ; — = 1+ — .

v} e(v; — Vem) + Vem PR (1+e)— ev;
miv; + mot;

Wy = —e(ui = vam) + vem = = B (L4 €) —eu

which you can verify is the same result as in example 1.

2 Energy
For a closed system, the change in mechanical energy is zero:

AFqech = AK + AU =0
The potential energy near Earth's surface is:

Uy = mgh

3 Notes on Frames of Reference
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(15)

(16)

(17)

(18)

(19)

Note: Invariant is simply a fancy word for “does not change.” Mazur doesn't use this vocabulary but it is the technical term
when talking about what doesn’'t change as we move across reference frames, and will be very important when we discuss

special relativity next year.
The following are invariant in different inertial reference frames.
= The relative velocity is invariant across frames.

= The maximum convertible energy is invariant across frames.



= The change in energy is invariant across frames.
= The mass is invariant across frames.

Note that the following are not invariant:
= The kinetic energy is not invariant.

= The velocity of the center of mass is not invariant.

4 Center of Mass

The center of mass is defined as for a system of point objects:

mixy +moXo + - +MpTy, (20)

LTem =
m1+m2++mn

For a continuous distribution, the center of mass is:

1 b
Tem = M/a xdm (21)

where x = a and x = b are the endpoints, and M is the total mass.

Idea: The motivation behind this formulation is intuition. Imagine taking a continuous distribution and breaking every-
thing up into extremely small pieces each with a mass dm. The denominator is still the total mass. However in the
numerator, you are summing up each individual mass dm with its x-coordinate (which can be as large or as small as the

problem requires). Instead of writing it as a sum Z we can treat it as an integral for infinitely many tiny masses.

Warning: We'll probably not need this for the test, but I'm writing it down just in case.

To find the center of mass of any distribution, perform the following steps:
1. Define where your coordinate system starts. In other words, where in the diagram is x = 07
2. Determine the two endpoints of the object. It is often helpful to set one endpoint to be at the origin x = 0.

3. Find the total mass of the system. You may need to introduce a new density variable p (either mass/volume, mass/area,
or mass/length), depending if your object is in 3d, 2d, or 1d. This term (if you need it), will cancel out at the end.

4. Write dm as a function of x and dz. (Recall error lesson in calculus, think of differentials as physical quantities!) Consider
a small segment of the mass a distance x away with a width of dx. What is the mass dm of this segment?

5. Replace dm with what you found, solve the integral, and simplify.
6. Repeat the above if you wish to find the center of mass in the y direction as well.

7. Double check that your answer has dimensions of length.

Example 3: Suppose we wish to solve for the center of mass of a cone with radius R and a height h.
1. Set x = 0 to be at the tip of the cone.
2. Set the bounds to be at x =0 and z = h.
3. If the density of the cone is p (which we assume to be constant), then the mass of the cone is given by:

1
M =pV = pgﬂRQh (22)

4. If we consider a tiny segment a distance x away with thickness dz, then we essentially have a disk with a radius



of:

r= %x (23)
so it has a cross sectional area of:
R \?2
A=mr?’ =1 (z) (24)
h
and a mass of:
R\ 2
dm = pAdx = pm (h> z? dx (25)
5. The integral now becomes:
1 h IR\ ,
cm = ™ - d 26
7 p;’ﬁRQh/O pw(h) zolds (26)
3 [,
= ﬁ/o x” dz (27)
3 ht
== (28)
3
=-h 29
; (29)
6. This has dimensions of length, so we're all good.
Another representation of the center of mass that you may have seen in your tutorial is:
L
/ m(x)zdx
Tem = 01,7 (30)
/ m(z) dz
0

where m(x) here is the mass per unit length. Note that the denominator is just the total mass of the system M and the
quantity:
m(z)dz (31)

is exactly the same as the differential mass dm.
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