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We show the implication both ways. Suppose there is a fixed point. Then there exists an a € A such that f(a) = a.
The graph of f is given by (z, f(x)), which at 2 = a becomes (a, a), which crosses the diagonal.

Now suppose that the graph given by (z, f(x)) crosses the diagonal, i.e. there exists some a € A such that
(z, f(z)) = (a,a). Component-wise, this implies that z = a and f(z) = f(a) = a, which is the definition of a fixed
point.

Consider the trivial case where f(0) = 0 or f(1) = 1. If either of this is true, then by definition there exists a fixed
point. We now assume that f(0) > 0 and f(1) < 1. Note that this is the only other case since the range of f is
restricted to [0, 1].

]
The diagonal of [0,1] x [0,1] is given by the function g : [0,1] — [0, 1], g(z) = 2. We then have f(0) > g(0) =0
and f(1) < g(1) = 1. By the intermediate value theorem, there must be an intersection, and by part (a), this
intersection corresponds to a fixed point.

This is not true. Consider f : (0,1) — (0,1),z — 0. This function will never cross the diagonal in the domain
(0,1), so there are no fixed points.

This is also not true. Consider f : (0,1) — (0,1) defined piecewise by
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This clearly doesn't intersect the diagonal since in the region [0,1/2], we have g(z) = = < 1 and in the region
(1/2,1], we have g(z) =z > 0.



2.

(a)

First, we will show that a uniformly continuous function is continuous. Suppose f is uniformly continuous. We know
that for each € > 0 there exists a ¢ > 0 such that for all ¢, we have |z — t| < ¢ implies that |f(z) — f(¢)| < e.

Then to show continuity, we need to show that for each € > 0, there exists a §'(t) > 0 such that |z —t| < &'(¢)
implies that |f(z) — f(t)] < &', where the only difference is that ¢’ is allowed to vary along the domain of the
function. If we set 6'(t) = § (i.e. the same § as what uniform continuity gives us), then by uniform continuity,

|z —t|<d'(t)=86 = |f(z)— f(t)] <e (0.2)

is satisfied. To prove the converse is not true, we turn to part (c) of this problem, where we show that while 22 is
a continuous function, it is not uniformly continuous.

Let f(x) = 2x. For each € > 0, pick § = % Then

€
-t <d==.
ot <s=2

Using this, we can bound
|f(x) = f(t)] = [22 — 2t
= 2|z — t|
€
< 2—
3
< €.

Therefore, we found a value of § such that |z —t| <d = |f(z) — f(t)| < € for all t € (—o0, 00).

Suppose that f(x) = 22 is uniformly continuous. Then for each e > 0, there exists a § such that |z —t| < § —

|z% — t?| < € for all t € R. We will show that this leads to a contradiction.

With the given choice of §, €, consider t = g and x = % + 0.99. Clearly

z — t| = [0.95] < &,

so this is satisfied. What remains is to verify whether |z? — t?| < e is satisfied or not. We can compute,

2 2 _|(€ 2 e

|22 — 3| = ’(5 +0.95) = (0.3)
= [1.8¢ + 0.8167| (0.4)
> |1.8¢ 40| (0.5)
> €. (0-6)

But our assumption was that this choice of 4, ¢ ensured that |x2 — tQ\ < €, hence a contradiction. Intuitively, this
corresponds to the fact that the derivative of 22 is unbounded.



3.

(a)

We will use two useful facts in this computation. Because (-, -) is bilinear, we can compute

(rty,z+y)=(r,zty)+(y,z+y) (0.7)
= (z,z) £ (z,y) £ (y,2) £ (y,y) (0.8)
= (z,2) £ 2(z,y) + (y,9). (0.9)

Using this, we can simplify using the fact that the inner product induces a norm,

z+yP+lz -y =(@+y,z+y) + (& —y,z—y) (0.10)
= ((z,2) + 2(z,y) + (¥, ) + (z,2) — 2(z,9) + (y,9)) (0.11)
=2z, x) + 2(y,y) (0.12)
= 2zf* + 2[y/*. (0.13)

We will assume that the map f: V x V — F defined by

Tty ’

2

-y
2

f(a:,y) =

‘ 2

is an inner-product (Piazza post says we don't have to show bilinearity). Note the change of notation, to make it
clear later on which inner product we are talking about.

Now suppose for the sake of contradiction that the norm | - | arises from two different inner products, f(-,-) and
g(-,-). That is, there exists a*,b* € V such that

fa®, ") # g(a”,b").

Now consider

=5 y= 5 (0.14)

such that a* =z + y and b* =z — y. Then,
g(a™,b*) =g(x +y,z —y) (0.15)
=g(x,x —y) + gy, —y) (0.16)
=g(z,z) —g(z,y) + 9y, z) — 9(y,y) (0.17)
=g(z,2) — 9(y,y) (0.18)
= [af* - Jy[? (0.19)

We can also compute,
fla*,b*) = (0.20)
2y 2y

= [z|* —Jyl*. (0.21)

Therefore, since the two give the same result, we have g(a*,b") = f(a*,b*), which is a contradiction. Therefore,
the inner product which defines the norm must be unique.

FALSE: Consider the function f:[0,1) U (1,2] — [0, 3] defined by

fz) =

T 0<zr<l1
z+1 1<x<2.

Clearly, this is not continuous at = = 1, so it suffices to show that this is open. Consider an open set (a,b) where
0 < a < b< 2. We have two cases:

e Case 1: a,b < 1: When restricted to this set, f((a,b)) = (a,b), so it is open.

e Case 2: a,b > 1: When restricted to this set, f((a,b)) = (a+ 1,0+ 1), so it is open.



Note that any open set can be constructed by the union of open sets of the above types. If A, B are disjoint open
sets in [0,1)U(1,2] then f(A), f(B) are also disjoint, since f(x) is injective. Any open set U in [0,1)U(1,2] can be
written as U = UV, where V are disjoint open sets that satisfy either of the two cases above. Then: f(U) = Uf (V).
Since f(V) is open, a collection of open sets is open, and therefore f is an open function.

TRUE: If f is a homeomorphism, then f is bijective and f~! : N — M is continuous. For any open set U C M,
this continuity condition tells us that

(rH o)

is open. But since f is bijective, the inverse of f~1 is just f. The above statement is therefore equivalent to saying
that for any open set U C M, we get that f(U) is open, which is the definition for open function.

TRUE: The function f is a homeomorphism if and only if f is bijective and continuous, and f~! is continuous. We
already satisfied the bijective and continuous condition.

To show that f~! is continuous, we use the fact that f is open to show that f(U) is open for any open set
U C M. But since f is bijective, we can rewrite f = (f~1)7!, so (ffl)_l (U) is open, which is what it means for
f~1: N — M to be continuous.

FALSE: Consider the function f: R — R defined piecewise to be

—x—21 < =27
f(z) = < sin(z) —2m <z <27
—x 427 x> 27,
which when plotted out, looks like the following (visualization purposes only):
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It is easy to verify that f is continuous. We will show that it is not open. Consider the set U = (—2m,27) C R.
Then,

f(U) = {sin(z) : =27 < z < 27}
=[-1,1].

To see why this is the case, for any y € [—1, 1], we can compute arcsin(y), which is bounded between —7/2 and
+7/2, within our domain. Since f(U) is closed, this is false.

TRUE: First recognize that if f is also an injection, then f must be a homeomorphism, since the bijection and
continuous condition is satisfied, and the continuity of f~! is satisfied as f is open (which we have proved).
Therefore, we just need to show that f is injective.

Let 2,y € R such that f(z) = f(y). We want to show that x = y. Suppose for the sake of contradiction, this was
not true, and that x # y. WLOG, let x < y. By the extreme value theorem (which is valid since f is continuous),
there exists a z € R such that z < z < y and that f(z) is the extremum point (either maximum or minimum).
Again, without loss of generality, assume that f(z) is the maximum, i.e.

f(z) = f(z)Vx € (a,b).



Then f((z,y)) is NOT open. To see why, consider f(z) € f((z,y)), and consider an open neighborhood (f(z) —
d, f(2) +9) around f(z) with § > 0. For any choice of § > 0, this neighborhood cannot be continued in f((a,b))

since f(z) + 5> f(2). But since f(z) is the maximum of f((a,b)) there cannot be any values in f((a,b)) that are
greater than f(z2).

FALSE: Consider the function f : S' — S* defined by
(cos(0),sin(0)) — (cos(26),sin(20)),

where § € R. Clearly, this is a surjection since (cos ¢, sin ¢) is mapped to by (cos ¢/2,sin ¢/2). This map is open
because consider the open set
U = {(cosb,sinf) : a < 0 < b},

where 0 < a,b < 27. Then:

f(U) (cos20,sin26) : a < 0 < b}

={
= {(cosf,sinf) : 2a < O < 2b}
is open. We can also show that it is continuous. Consider the same U as before. We have,

FHU) = f~{(cosb,sinb) : a < 6 < b}
= {(cos0/2,sin0/2) : a < 0 < b} U{(cos(0/2 +7),sin(0/2+7):a <0 <b)}
= {(cosf,sinf) :a/2 <0 <b/2} U{(cos(d + 7),sin(0+ 7)) : a/2 <0 <b/2},
which is open as it is the union of two open sets. Note that we have two sets in the first place because for each

point (cosf,sin@) € S* other than (1,0), there are two points on the circle that gets mapped to it by f. However,
it is not homeomorphic because it is not injective. We have

f(l,O) = (170)7 f(—l,O) = (170)'

Because f is not injective, it cannot be bijective.



5. Note that id : f — f is a linear bijection by definition, as it is the identity map and the domain and codomain contain
the same functions (but with a different metric).

We will first show that id is continuous.

Consider a sequence (f,,) that converges to the limit g in C),4.. This means that for each ¢ > 0, there exists N € N
such that

dmaz(fnvg) <e€

for all n > N. Rewriting this with the metric, we have

max|f(z) - g(2)| < € = |f(2) - glx)] < e.

Then the map id is continuous if the sequence (id(f,)) = (f5) converges to (id(g)) = (g) in Cjp¢. This converges if for
every € > 0, there exists an N’ € N such that for all n > N’ we have

1
dint(fn7g):/0 ‘fn_g|dx

We can choose N’ the same way we chose IV for the converging sequence in C),,z, i.e. such that for all n > N’ we have
|f(z) — g(z)| < €. We can compute,

/01|f<x>—g<x>|dx</Ole’dx:e,.

which is equivalent to showing that d;,:(f.,g) < €. Therefore, id is continuous.

To show that id ! is not continuous, we will find a counterexample. Consider the sequence (f,) in Cjy; that is defined
by

1
n 0<z<—
_ 1 Y
f(z) = —nr+2 —<zx<=
n n
0 else,

where n > 1. We claim that this converges to g where g(x) = 0. We have,

1

dint(fn,9) = | fn(z)] dz

1/n 2/n
:/ mcdac—i—/ (—nz +2)dx
0 1/n

S -

It's clear that this converges. For any € > 0, we can choose N = max{2, [1/€]} such that for any n > N, we have

2|~

<

SRS

dint(fnvg) =

If € > 1, then pick N = 2 such that d;n¢(fn, gn) < 1/2 < 1. If € < 1, then

1

dznt(f'rngn) < N (671

—_

=€,

~—

so it does converge. However, id~! is not continuous because (fn) does not converge to 0 in C),4.. This is because
dmax(fnag) = max|fn(x) - 0| = max(fn(x)) =1

! 1
Therefore, for € = —, there does not exist any N € N such that for n > N implies that d,a.(fn,9) < € = 5 since
dmaz(fn,g) = 1 always.

Intuitively, the trick for this problem is to realize you can construct a skinny function such that the area disappears, but
the height remains the same (sort of like the opposite of a § function!).



