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1 Electromagnetic Waves
1.1 Maxwell’s Equations
Maxwell’s equations in differential form are given by

∇ ·B = 0 (1.1.1)

∇×E = −∂B

∂t
Faraday (1.1.2)

∇×B = µ0J + µ0ε0
∂E

∂t
Ampere-Maxwell (1.1.3)

∇ ·E = ρ

ε0
Gauss’s Law (1.1.4)

1.2 Scalar and Vector Potentials
We can write

B = ∇×A (1.2.1)

E = −∂A

∂t
−∇φ (1.2.2)

where φ is the scalar potential and A is the vector potential.
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1.3 Gauge Invariance 1 ELECTROMAGNETIC WAVES

1.3 Gauge Invariance
The choice of A and φ are not unique. The transformations

A→ A′ = A + ∇χ (1.3.1)

φ→ φ′ = φ− ∂χ

∂t
. (1.3.2)

These lead to the same E′ = E,B′ = B. The Lorenz Gauge is given by

∂µA
µ = 0. (1.3.3)

and the Coulomb Gauge is given by

∇ ·A = 0. (1.3.4)

1.4 The Wave Equation
If we use the Lorenz gauge, we can write the vector potential as a wave equation

∇2A− 1
c2
∂2A

∂t2
= −µ0J . (1.4.1)

We can write down wave equations for B,E by computing ∇× (∇×B) and ∇× (∇×E) in a vacuum.

The electric field and magnetic field plane waves can be written in the form of

E = Re {E0 exp [i(k · r − ωt)]} (1.4.2)
B = Re {B0 exp [i(k · r − ωt)]} , (1.4.3)

where E0,B0 are complex amplitudes and ω = c|k| is the frequency. One fundamental idea is that solutions to Maxwell’s
equations must obey the wave equation, the converse is not true. In fact, from ∇ ·E = ∇ ·B = 0 we have that electromagnetic
plane waves are perpendicular to the direction of propagation. We have,

n̂ · k̂ = 0, (1.4.4)

and the magnetic and electric fields are related via

B = 1
c

k ×E. (1.4.5)

The electric and magnetic fields in a monochromatic plane wave with propagation vector k and polarization ˆbmn are given by

E(r, t) = E0 cos(k · r − ωt+ δ)n̂ (1.4.6)

B(r, t) = 1
c
E0 cos(k · r − ωt+ δ)(k̂ × n̂) (1.4.7)

1.5 Energy and Momentum in Electromagnetic Waves
The energy per unit volume in an electromagnetic field is given by
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2 FIELD THEORY

u = 1
2ε0E2 + 1

2µ0B2. (1.5.1)

The Poynting vector gives the energy flux density (energy per unit area, per unit time) as

S = 1
µ0

E ×B. (1.5.2)

For a monochromatic plane wave propagating in the n̂ direction, we have

S = cun̂. (1.5.3)

The average energy per unit volume is given by

〈u〉 = 1
2ε0E

2
0 . (1.5.4)

2 Field Theory
2.1 Basic Action
The action for a particle in an electromagnetic field is given by

S = Sfree + Sem = −mc2
ˆ 1
γ

dt+ q

ˆ
Aµ dxµ + 1

c

ˆ
jµAµd4x. (2.1.1)

2.2 Deriving Lorentz Force Law
Neglecting the field interaction term, we can write the action as

S =
ˆ b

a

−mc2
√

1− u2/c2 + qA · u− qφdt .

Minimizing this action will give us the Lorentz Force Law. Specifically,

∂L

∂ẋi
= mγui︸ ︷︷ ︸

pi

+qAi

∂L

∂xi
= q

∂Aj
∂xi

uj − q
∂φ

∂xi
.

There are two important properties:

∂aj
∂xi

= ∂ai
∂xj

+ ∂aj
∂xi
− ∂ai
∂xj

= ∂ai
∂xj

+ (δi`δjm − δimδj`)
∂am
∂x`

= ∂ai
∂xj

+ εijmεk`m
∂am
∂x`

.

This gives us

∂aj
∂xi

bj = (b ·∇) a + bjεijkεklm
∂am
∂x`

= (b ·∇)a + (b× (∇× a))i .
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2.3 Faraday Tensor Motivation 2 FIELD THEORY

This gives us (using the E-L equation)

d

dt
(p + qA) = q(u ·∇)A + qu× (∇×A)− q∇φ.

Using the fact that d

dt
A = ∂A

∂t
+ (u∇)A we can solve for F = d

dt
p to get

F = q (E + u×B) (2.2.1)

where
E = −∂A

∂t
− q∇φ

was used.

2.3 Faraday Tensor Motivation
The basic action can be written in the form

S =
ˆ b

a

(
E −mc2) dτ + qAµ dxµ

since E = γmc2 and dτ = dt
γ
. Consider now a variation of the 4-trajectory xµ(τ) 7→ xµ(τ)+δxµ(τ) where δxµ(a) = δxµ(b) = 0.

We can compute the variation in S and set it to zero. That is,

δS =
ˆ b

a

−mc2 d(δτ) + q(δAµ) dxµ + qAµ d(δxµ)

=
ˆ b

a

−mc2
(
− 1
c2

)
ην d(δxν) + q∂νAµδx

ν dxµ + qAµ d(δxµ)

=
ˆ b

a

(mην + qAν) d(δxν) + q∂νAµδx
ν dxµ .

Here, we used the fact that
δAµ = ∂νAµδx

ν

and
d(δτ) = − 1

c2 ην(d(δxν))

which is derived by taking the variation of both sides of −c2 dτ2 = dxν dxν . Integration by parts on the first term gives us

δS =
ˆ b

a

{−d(mην + qAν) + q∂νAµ dxµ} δxν .

Recall that the canonical momentum is Pν = pν + qAν . We can perform the change of variables:

dην = dην
dτ dτ

dAµ = ∂µAν
dxµ

dτ dτ = (ην∂µAν) dτ

dxµ = dxµ

dτ dτ = ηµ dτ .

This gives

δS =
ˆ b

a

{
−mdην

dτ − qη
µ∂µAν + qηµ∂νAµ

}
δxν dτ .

The principle requires that δS = 0 for the actual trajectory that xν takes. Setting this to zero gives

m
dηµ
dτ = qην (∂µAν − ∂νAµ) ,
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2.4 Maxwell’s Equations from Faraday Tensor 2 FIELD THEORY

where,

Fµν = ∂µAν − ∂νAµ =


0 −Ex/c −Ey/c −Ez/c

Ex/c 0 −Bz By
Ey/c Bz 0 −Bx
Ez/c −By Bx 0

 (2.3.1)

is the Faraday field tensor (electromagnetic tensor). Note that

m
dηµ
dτ

= qηνFµν (2.3.2)

is known as the relativistic form of the Lorentz force.

2.4 Maxwell’s Equations from Faraday Tensor
Because Fµν is antisymmetric, we have the Bianchi Identity,

εαλµν∂λFµν = 0.

Setting α = 0 gives
ε0ijk∂iFjk = εijk∂i(εjkpBp) = 2∂iBi = 2∇ ·B = 0.

Setting α = i gives
εij0k∂jF0k + εijk0∂jFk0 + εi0jk∂0Fjk = 0 =⇒ εijk∂jEk + ∂0B

i = 0,
which is Faraday’s Law. To get Ampere-Maxwell and Gauss’s Law we need to construct the action for the electromagnetic
field and how it interacts with matter.

Sfull =
ˆ

d4xL(Aν , ∂µAν), L(Aν , ∂µAν) = 1
c
jkAk −

1
4ε0cFκλF

κλ. (2.4.1)

Minimizing using the Euler-Lagrange equations gives us

∂νF
µν = µ0j

µ. (2.4.2)

Setting ν = 0 gives Gauss’s Law and setting ν = i gives Ampere’s Law.

2.5 Noether’s Theorem and Stress Energy Tensor
TBA. See pg 13-15 (of the actual book)

2.6 Field Transformations
The total charge and dipole moment of the charge content distribution is

Q =
ˆ
V

ρ(r′, t)d3r =
∑
m

qm

d =
ˆ
V

r′ρ(r′, t)d3r′ =
∑
m

qmrm

and the potential is a sum of the static coulomb potential, static dipole moment potential, and the oscillating dipole term.

φ(rn, t) = Q

4πε0r
+ n · d(t− r/c)

4πε0r2 + n · ḋ(t− r/c)
4πε0rc

+O(r′/r)2

and the magnetic vector potential
A(rn, t) = µ0

4π ḋ(t− r/c) +O(r′/r)2

2.7 Radiation
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